I. INTRODUCTION
P ROPERTIES of magnetic materials depend strongly on the stress state of the material. The deformation and deviation in the B-H -loop of an electrical steel sheet due to stress are evident from various previous studies [1] - [3] . These effects of stress on the material properties, especially on the B-H characteristic [4] , [5] , the iron losses [3] , [6] , [7] , and the vibration [8] , [9] , are detrimental to an electrical machine [10] - [12] . In order to account for these effects, a comprehensive magnetic and mechanics coupled (i.e., magnetomechanical) model is required during the design process of electrical machines. Recent studies based on the multiscale approach [10] , [13] , [14] and the thermodynamics approach [8] , [15] are relevant effort to tackle the coupled problem. However, these coupled models are anhysteretic and do not account for the localized bowing of the B-H -loop observed during measurements [3, Fig. 2] .
The model for magnetic hysteresis presented in [16] and [17] is based on the principle of the magnetic domain theory and the domain wall pinning. This phenomenological model is popularly known as the Jiles-Atherton (JA) model. The JA model for magnetic hysteresis is simple and popular amongst the research community [9] , [18] - [20] . Mechanical phenomena such as magnetostriction can be correlated with the magnetic phenomena using the JA model in order to study the effect of stress on the magnetic behavior of a magnetic material [21] - [23] . Based on both the thermodynamics and mechanical equilibriums, Sablik et al. [23] account for this stress effect with an additional term in the expression of the effective field. Their model, referred as the Sablik-JA (SJA) model, describes a symmetrical magnetic behavior with respect to zero stress.
Furthermore, in [24] and [25] , the unsymmetrical behavior of the B-H -loop at tensile and compressive stress was modeled as the demagnetizing effect due to compression. Another Manuscript received January 27, 2016; revised May 8, 2016 ; accepted July 7, 2016 additional term, proportional to the magnetization whose coefficient tends to zero for the tensile stress, was added to the effective field. Nevertheless, measurements in the NO Fe-Si single steel sheets under alternative flux density and coaxial applied stress from −35 MPa until 100 MPa demonstrate two phenomena [3] , [20] . First is a slight improvement in the permeability at the small tensile stresses, and the second is the local bowing of the B-H loop for high compressive stress and a low value of the magnetization [1] . The improvements of the SJA model proposed in [24] and [25] are not sufficient to model these phenomena. In this paper, the correlation between the asymmetrical variation of the magnetostriction and the B-H characteristic with applied coaxial stress has been explored. Based on simultaneous measurements of the magnetostriction, the magnetic field and the flux density in a single NO steel sheet under various levels of the compressive and tensile elastic stresses, we proposed some semi-analytical improvements of the SJA model in order to accurately represent both the effect of stress and the bowing of the B-H loops. The measured magnetostriction is represented with a function of both the magnetization and the stress. Whereas the parameter, usually denoted k, related to the coercitive field is constant, we suggest to model this parameter with an additional term depending on both the stress and the magnetization. The implementation of our proposed improvements of the SJA model and its inversion for flux density input modeling application are detailed and discussed. Finally, the proposed model is validated by measurements and the accuracy of the model analyzed.
II. SJA MODEL
Based on the thermodynamic equilibrium [17] 
where B is the magnetic flux density. The JA model parameter c refers to the reversal parameter that depends on bowing of the domain wall, k is the wall pining parameter, which defines the coercive field H c , and μ 0 is the permeability of the vacuum. The sign of d H/dt, denoted δ, produces the hysteresis by ensuring the opposition between the domain wall pinning and the magnetization [23] . Hence, the magnetic field is always leading the magnetic flux density. The effect of stress is modeled as an additional term in the effective field H e [23] H e = H + αM + H σ (8) where H σ is the stress contribution on the effective field. According to [23] , sign of H σ must change with the sign of the magnetization, as the movement of domains due to the applied stress can only assist (oppose) in the direction of magnetization. Furthermore, magnetization causes the domains of a magnetic material to be oriented in the magnetization direction. The rearrangement of the domains elongates or retracts the specimen in the orientation parallel to the magnetization. This phenomenon, also termed as magnetostriction, deforms the specimen with volume conservation [26] , and it involves strain in other orthogonal orientations. In this paper, the term magnetostriction refers to the deformation along the magnetization direction. Moreover, the magnetostriction λ is an even function of the magnetization (i.e., deformation due to the magnetization is independent of its direction). Since the applied stress can as well affect the domain structure due to magnetoelastic interaction, all the three magnetomechanical quantities (i.e., λ, M, and σ ) are interrelated. Originally, the stress contribution on the effective field was developed in a phenomenological manner in [23] . Sablik et al. [27] improved its expression, based on thermodynamic equilibrium. For ideal polycrystals, this field related to stress can be modeled by
III. PROPOSED MAGNETOMECHANICAL MODEL
A. Magnetostriction Model
As mentioned earlier, the magnetostriction is an even function of the magnetization. In addition, the magnetostriction also depends on the applied coaxial stress. Various previous studies have either used an ad hoc function or linear dependence of the magnetostriction λ with respect to the compressive and tensile stresses [27] , [28] . However, some publications based on the measurements clearly show the nonuniform dependence of λ on the compressive and the tensile stress with coaxial σ and M [29] - [31] . The model for λ proposed here is the product of two distinct functions (i.e., a function of magnetization M and a function of stress σ )
The first function in (11), f (M) is an even function of magnetization M and has been extensively used in the previous studies relating magnetostriction with the JA model (both the hysteretic and anhysteretic models) [21] , [23] , [32] . Furthermore, in the previous studies coefficients of the even polynomial function, f (M) were made stress dependent, albeit symmetrical with respect to the compressive and the tensile stress. The second function in (11) , g(σ ) scales f (M) depending on the stress σ , and this scaling is asymmetrical with respect to stress. The parameters b 3 and b 4 control the shift and slope of the hyperbolic tangent function with respect to σ , respectively. The argument of tanh contains −σ , which implies that it is flipped with respect to the stress (compression being negative and tension positive on the stress axis). This is evident from [30, Fig. 12(a) ], which shows the variation of the maximum magnetostriction with respect to stress.
B. Improved SJA Model
The expression for H σ was originally derived from the thermodynamics equilibrium assuming a perfect crystalline structure of the material. Due to the manufacturing process of the electrical steel sheets, the domains and their walls should not be considered as ideal. To consider this fact, a stress factor γ σ termed as magnetostriction coupling factor is introduced in the expression for H σ . Moreover, the effect of H σ diminishes at the magnetization level close to saturation (as observed during measurements, Fig. 7) , which implies (12) where M hi is the magnetization value at (or close to) the peak magnetostriction λ pk . Furthermore, to account for the bowing of the B-H -loop (Fig. 7) at high compressive stress and a low induction level, the parameter k is made M dependent
where the parameter m 0 represents the magnetization level at which the peak bowing in the B-H -loop occurs, and β is the magnetization interval either side of m 0 , where the bowing in the B-H -loop persist. Because such a bowing is not observed when at tension, k 1 ≈ 0. Similar approach of field or flux dependence of the parameter k has been reported in [33] - [35] , albeit for better fitting of the JA model.
IV. MODEL IMPLEMENTATION
Following are the successive steps in the implementation of the SJA model.
A. Estimation of M an
The expression of M an for the NO electrical steel has inherent error when fitting the parameters of the Langevin approximation. This error overshadows the slight variation observed in the B-H -loop at the low tensile stresses. In order to circumvent this problem, the anhysteretic magnetization is modeled with a cubic spline interpolation of the effective field H e without mechanical stress. The values of M and H from a previous time step are used to determine the stress contribution H σ and the effective field H e to be used in the interpolation for M an
[
where F 0 is the interpolation function and n is the step number of discretized B. 
where δ m is the parameter to avoid unphysical behavior (i.e., negative susceptibilities) at the tip of the B-H -loop [36] .
C. Computation of d M/d H
After some mathematical operation and substitution utilizing (14) through (20) , the required expression for the differential susceptibility (i.e., d M/d H ) is expressed as,
D. Computation of M and H
Finally, the values of M and H for the current time step are obtained as the following:
This solution method for inverting the SJA model is summarized in the flowchart of Fig. 1 . Fig. 2 shows the magnetization core and the single sheet tester (SST) sample along with the custom-built stressing device having a range and resolution of ±1250 N and 1 N, respectively. A programmable power source and a data acquisition system (DAQ) with analog output were used in conjunction with a PC to control the magnitude and waveform of the supply voltage so as to produce a sinusoidal induction in the SST sample. The feedback control of the supply voltage was programmed using MATLAB/DAQ toolbox. In addition to that, a high speed DAQ system and low-noise/high-gain signal amplifiers were used to retrieve the measured signals for the field strength and the flux density. Tunneling magnetoresistance sensors arranged in a 2 × 2 grid were used to measure the surface magnetic field strength, and a coil wound around the sample was used to measure the magnetic flux density. Furthermore, a non-inductive type of strain gauge rosette (H-series rosette from Micro-Measurements), glued on the surface of the sample (with the insulating coating removed), was used to measure the magnetostriction. Fig. 3 shows the SST sample and placement of the magnetic field sensors, the strain rosette, and the search coil on the sample. The SST sample shown in Fig. 3 was made along the rolling direction (RD) of a 0.5 mm thick sheet of 5% Fe-Si using a milling cutter.
V. MEASUREMENT SETUP

VI. RESULT AND DISCUSSION
A. Fitting the Improved SJA Model Parameters
There are three distinct steps to be followed during the fitting of the coupled magnetomechanical model parameters. 
1)
Step 1 (Fitting SJA Parameters Without Stress): First, the parameters of the SJA and the cubic spline interpolation of the anhystretic curve are fitted from the B-H loop without stress, implying H σ = 0. The starting values of the JA model parameter can be obtained from the initial and the maximum magnetic susceptibility of the first magnetization curve and the magnetic susceptibility at the points of the remanent flux density B r and the coercive field H c [36] .
2) Step 2 (Fitting Magnetostriction Model):
Both the polynomial coefficient a j and the parameters of g(σ ) of the proposed magnetostriction expression (10) are fitted with the magnetostriction measurements.
3) Step 3 (Fitting Remaining Stress-Dependent Parameters):
With the parameters previously determined, the parameters of the Gaussian function in (13) are extracted by fitting k σ , γ σ , m 0 , and β for every level of stress. Since the values of m 0 and β were found constants, they are considered independent of stress.
The least square error estimation subroutine LSQCURVEFIT of MATLAB was used for the curve fitting during this paper. Furthermore, as the SJA model inherently starts from origin (i.e., B ≈ 0 and H ≈ 0), for steps 1 and 3, two cycles of the flux density waveform were simulated, and the last cycle was used for the fitting against the measured B and H .
B. Magnetostriction Model Fitting
The measurements for this paper were carried out on the SST sample cut along the RD. The measurements were done at the supply frequency of 6 Hz and the stress levels between −35 to +100 MPa. The signals of the measured quantities were acquired at the sampling frequency of 50 kHz. Furthermore, the measured magnetostriction was averaged over ten cycles. The estimation of the coefficients for Measured and modeled (a) anhysteretic magnetization curve and (b) B-H -loop at σ = −35 MPa. Overestimation of H σ by the original SJA model and the non-existence of the stress effect at high magnetization (saturation) can be observed. Error of the original SJA model in modeling bowing can also be seen in Fig. 7(b) . the function f (M) was done using the measurement at σ = −15 MPa (Fig. 4) . Similarly, the peak values of the measured magnetostriction at every stress levels were used to determine the coefficients of the function g(σ ) (Fig. 5 ). Fig. 6 shows the measured and the modeled λ, and Table I contains the parameters of the stress-dependent magnetostriction model. Measured magnetostriction at any stress level can be used to fit the polynomial coefficient a j , although with appropriate scaling b 1 . Magnetostriction measured at σ = −15 MPa was used for better accuracy. The previous stress-dependent λM models had the coefficients a j as the polynomial of stress [32] , and the coefficients had to be fitted all at once (all the stress levels at once), which led to the non-optimal solution for the fitting. Moreover, with the polynomial of σ , it is not possible to model the trend observed in Fig. 5 .
From the measurements, the asymmetrical behavior of the λM-curve with stress is evident. Most interesting is the fact that the λM-curve flip [ Fig. 5 ] around the abscissa axis and almost simultaneously the deterioration of the permeability occurs for a tensile stress level between 25 to 30 MPa, which implies that H σ is positive only for small tensile stress, hence the slight improvement in permeability (Fig. 9) .
C. Model Comparison
The stress independent parameters of the model i.e., k 1 , α, c, b 0 , and β, obtained using the steps explained in Section IV, are presented in Table II . The value for M hi , which is the magnetization amplitude at or close to the peak magnetostriction (i.e., ∂λ/∂ M = 0), is determined using the modeled λM-curve (Fig. 4) . Fig. 10(a) ], and it would be employ with small error for low tensile stress with this material [ Fig. 9(a) ]. Moreover, this model does not reproduce the local enlarging of the B-H loop under compression [ Fig. 7(b) ]. The measured curves in Figs. 7 and 10 show that at saturation, (i.e., a high value of magnetization) stress do not affect the M-H -curve, which justifies the condition H σ = 0 at M > M hi used in (12) . Furthermore, the modeled results are in good agreement with the measurements, especially for the compression and lower values of the tensile stress. The error of the model fitting at higher levels of the tensile stress can be attributed to two sources. First one is due to the error associated with the basic JA model parameters fitting [ Fig. 8] , and the second one is the error in modeling λM-curve (after the flip about λ = 0 axis). Particularly, the initial slope of λM-curve and the magnetization level at which the peak magnetostriction λ pk occurs i.e., M hi , are the major source of error, which in turn causes the error at the knee of the anhysteretic curve [ Fig. 10(a) ]. Thus, a separate set of parameters a j after the λM-curve flip could be used to improve the accuracy of the model at the high tensile stresses. Furthermore, bowing of the B-H -loop at high compression and low field could be phenomenologically interpreted as either the thickening of the domain walls, or the growth of 90°domains (i.e., orthogonal to the stress direction) which in turns encompasses more number of impurities sites. MPa, hence k 1 ≈ 0. Similarly, as shown in Fig. 12 , during the stress levels, where H σ = 0, i.e., either σ ≈ 0 or ∂λ/∂ M ≈ 0, the parameter γ σ does not have any significance. Furthermore, from Figs. 13 and 14, it is abundantly clear that the parameter k σ influences H c and the losses. In the modified model, because k σ ≈ k for σ ≥ 0, an extra stress-dependent term that is nonzero for the tensile stresses and independent of M (unlike k 1 ) can be used in (13) for better modeling H c at tension. Similarly from Fig. 15 , it is apparent that the utilization of the parameter γ σ for fitting the anhysteretic magnetization (M-H -curve) also improves the estimation of the differential permeability μ diff . However, it is obvious that using γ σ = 1 (as in the conventional SJA Model) overestimates the stress contribution H σ term in the effective field H e , as shown in Figs. 7(a) and 10(a) .
VII. CONCLUSION
The stress dependent SJA model and its implementation method were extensively discussed. A comprehensive model for the stress-dependent magnetostriction was proposed based on the measurement results. The proposed magnetostriction model was used in conjunction with the SJA model to illustrate the effect of stress on the B-H -loop of an NO sheet of 0.5 mm thickness and 5% Fe-Si. Modifications in the stress induced field and the parameter k of the SJA model were also proposed. Finally, the model was fitted against the simultaneously measured λ, B, and H (along the RD) at various compressive and tensile stress levels. The co-relation between the asymmetrical variation in the λM-curve and the B-H characteristic with respect to the compression and tension stress was analyzed. As per the results discussed in Section VI, it can be concluded that the proposed model was in good agreement with the measured results. Measurements in the directions other than RD and on other grade of an electrical steel sheet (3% Fe-Si, 0.5 mm) have been planned for future studies, along with the first reversal and the minor-loop modeling.
